Introduction {#Sec1}
============

Mathematical modeling has emerged as an important tool to handle the overwhelming structural complexity of neuronal processes and to gain a better understanding of their functioning from the dynamics of their model equations. However, the mathematical analysis of biophysically realistic neuron models such as the 4-dimensional Hodgkin--Huxley (HH) ([@CR12]) and the 2-dimensional Morris--Lecar (ML) ([@CR17]) equations is difficult, as a result of a large parameter space, strong nonlinearities, and a high dimensional phase space of the model equations. The search for simpler, mathematically tractable (small parameter space, weaker nonlinearities, low dimensional phase space) neuron models that still capture all, or at least some important dynamical behaviors of biophysical neurons (HH and ML) has been an active area of research.

The efforts in this area of research have resulted in easily computable neuron models which mimic some of the dynamics of biophysical neuron models. One of the resulting models is the 2-dimensional FitzHugh--Nagumo (FHN) neuron model (FitzHugh [@CR9]). The FHN model has been so successful, because it is at the same time mathematically simple and produces a rich dynamical behavior that makes it a model system in many regards, as it reproduces the main dynamical features of the HH model. In fact, the HH model has two types of variables, and each type then is combined into a single variable in FHN: The (*V*, *m*) variables of HH correspond to the *v* variable in FHN, whose fast dynamics represents excitability; the (*h*, *n*) variables correspond to the *w* variable, whose slow dynamics represents accommodation and refractoriness.

The fact that the FHN model is low dimensional makes it possible to visualize the solution and to explain in geometric terms important phenomena related to the excitability and action potential generation mechanisms observed in biological neurons. Of course, this comes at the expense of numerical agreement with the biophysical neuron models (Yamakou [@CR21]). The purpose of the model is not a close match with biophysically realistic high dimensional models, but rather a mathematical explanation of the essential dynamical mechanism behind the firing of a neuron. Moreover, the analysis of such simpler neuron models may lead to the discovery of new phenomena, for which we may then search in the biological neuron models and also in experimental preparations.

There is, however, an even simpler model than FHN, the leaky integrate-and-fire model (LIF). This is the simplest reasonable neuron model. It only requires a few basic facts about nerve cells: they have membranes, they are semipermeable, and they are polarizable. This suffices to deduce a circuit equivalent to that of the membrane potential of the neuron: a resistor-capacitor circuit. Such circuits charge up slowly when presented with a current, cross a threshold voltage (a spike), then slowly discharge. This behavior is modeled by a simple 1D equation together with a reset mechanism: the leaky integrate-and-fire neuron model equation (Gerstner and Kistler [@CR11]). Combining sub-threshold dynamics with firing rules has led to a variety of 1D leaky integrate-and-fire descriptions of a neuron with a fixed membrane potential firing threshold (Gerstner and Kistler [@CR11]; Lansky and Ditlevsen [@CR16]) or with a firing rate depending more sensitively on the membrane potential (Pfister et al. [@CR18]). In contrast to $\documentclass[12pt]{minimal}
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                \begin{document}$$n\ge 2$$\end{document}$, such as the HH, ML, and FHN models, the LIF class of neuron models is less expensive in numerical simulations, which is an essential advantage when a large network of coupled neurons is considered.

Noise is ubiquitous in neural systems and it may arise from many different sources. One source may come from synaptic noise, that is, the quasi-random release of neurotransmitters by synapses or random synaptic input from other neurons. As a consequence of synaptic coupling, real neurons operate in the presence of synaptic noise. Therefore, most works in computational neuroscience address modifications in neural activity arising from synaptic noise. Its significance can however be judged only if its consequences can be separated from the internal noise, generated by the operations of ionic channels (Calvin and Stevens [@CR4]). The latter is channel noise, that is, the random switching of ion channels. In many papers channel noise is assumed to be minimal, because typically a large number of ion channels is involved and fluctuations should average out, and therefore, the effects of synaptic noise should dominate. Consequently, channel noise is frequently ignored in the mathematical modeling. However, the presence of channel noise can also greatly modify the behavior of neurons (White et al. [@CR20]). Therefore, in this paper, we study the effect of channel noise. Specifically, we add a noise term to the right-hand side of the gating equations (the equation for the ionic current variable).

In the stochastic model, the deterministic fixed point is no longer a solution of the system. The fixed point necessarily needs to vary and adapt to the noise. To account for this, in the theory of random dynamical systems, the notion of a random dynamical attractor was developed as a substitute for deterministic attractors in the presence of noise. In the first part of this paper, we therefore prove that our system admits a global random attractor, for both additive and multiplicative channel noises. This can be seen as a theoretical grounding of our setting.

In Ditlevsen and Greenwood ([@CR7]), it was shown that a stochastic LIF model constructed with a radial Ornstein--Uhlenbeck process is embedded in the ML model (in a bistable regime consisting of a fixed point and limit cycle) as an integral part of it, closely approximating the sub-threshold fluctuations of the ML dynamics. This result suggests that the firing pattern of a stochastic ML can be recreated using the embedded LIF together with a ML stochastic firing mechanism. The LIF model embedded in the ML model captures sub-threshold dynamics of a combination of the membrane potential and ion channels. Therefore, results that can be readily obtained for LIF models can also yield insight about ML models. In the second part of this paper, we here address the problem to obtain a stochastic LIF model mimicking the interspike interval (ISI) statistics of the stochastic FHN model in the excitable regime, where the unique fixed point is stable. Theoretically, we obtain such a LIF model by reducing the 2D FHN model to the one dimensional system that models the distance of the solution to the random attractor as shown in the first part of the paper. In fact, we show that this distance can be approximated to the fixed point, up to a rescaling, as the Euclidean norm $\documentclass[12pt]{minimal}
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                \begin{document}$$R_t$$\end{document}$ of the solution of the linearization of the stochastic FHN equation along the deterministic equilibrium point, and hence the LIF model is approximated by the equation for $\documentclass[12pt]{minimal}
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                \begin{document}$$R_t$$\end{document}$. An action potential (a spike) is produced when $\documentclass[12pt]{minimal}
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                \begin{document}$$R_t$$\end{document}$ exceeds a certain firing threshold $\documentclass[12pt]{minimal}
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                \begin{document}$$R_t\ge r_0>0$$\end{document}$. After firing the process is reset and time is back to zero. The ISI $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _0$$\end{document}$ is identified with the first-passage time of the threshold, $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _0=\inf \{t>0: R_t\ge r_0>0\}$$\end{document}$, which then acts as an upper bound of the spiking time $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ of the original system. By defining the firing as a series of first-passage times, the 1D radial process $\documentclass[12pt]{minimal}
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                \begin{document}$$R_t$$\end{document}$ together with a simple firing mechanism based on the detailed FHN model (in the excitable regime), the firing statistics is shown to reproduce the 2D FHN ISI distribution. We also show that $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau _0$$\end{document}$ share the same distribution.

The rest of the paper is organized as follows: Sect. [2](#Sec2){ref-type="sec"} introduces the deterministic version of the FHN neuron model, where we determine the parameter values for which the model is in the excitable regime. In Sect. [3](#Sec3){ref-type="sec"}, we prove the existence of a global random attractor of the random dynamical system generated by the stochastic FHN equation; and furthermore derive a rough estimate for the firing time using the linearization method. The corresponding stochastic LIF equation is then derived in Sect. [4](#Sec6){ref-type="sec"} and its distribution of interspike-intervals is found to numerically match the stochastic FHN model.

The deterministic model and the excitable regime {#Sec2}
================================================

In the fast time scale *t*, the deterministic FHN neuron model is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} dv_t= \left( v_t-\displaystyle {\frac{v_t^3}{3}}-w_{t}+I\right) dt =f(v_t,w_t)dt,\\ dw_t= \varepsilon (v_t+\alpha -\beta w_t)dt=g(v_t,w_t)dt, \end{array}\right. } \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$v_t$$\end{document}$ is the activity of the membrane potential and $\documentclass[12pt]{minimal}
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                \begin{document}$$w_t$$\end{document}$ is the recovery current that restores the resting state of the model. *I* is a constant bias current which can be considered as the effective external input current. $\documentclass[12pt]{minimal}
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                \begin{document}$$0<\varepsilon :=t/\tau \ll 1$$\end{document}$ is a small singular perturbation parameter which determines the time scale separation between the fast *t* and the slow time scale $\documentclass[12pt]{minimal}
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                \begin{document}$$v_t$$\end{document}$ is much faster than that of $\documentclass[12pt]{minimal}
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The deterministic critical manifold $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C}_0$$\end{document}$ defining the set of equilibria of the *layer problem* associated to Eq. ([2.1](#Equ1){ref-type=""}) (i.e., the equation obtained from Eq. ([2.1](#Equ1){ref-type=""}) in the singular limit $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon = 0$$\end{document}$, see Kuehn ([@CR15]) for a comprehensive introduction to slow-fast analysis), is obtained by solving $\documentclass[12pt]{minimal}
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                \begin{document}$$f(v,w)=0$$\end{document}$ for *w*. Thus, it is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {C}_0=\left\{ (v,w)\in \mathbb {R}^2: w=\displaystyle {v-\frac{v^3}{3}+I}\right\} . \end{aligned}$$\end{document}$$We note that for Eq. ([2.1](#Equ1){ref-type=""}), $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}_0$$\end{document}$ coincides with the *v*-nullcline (the red curve in Fig. ([1](#Equ1){ref-type=""})). The stability of points on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {C}_0$$\end{document}$ as steady states of the *layer problem* associated to Eq. ([2.1](#Equ1){ref-type=""}) is determined by the Jacobian scalar $\documentclass[12pt]{minimal}
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                \begin{document}$$(D_vf)(v,w)=1-v^2$$\end{document}$. This shows that on the critical manifold, points with $\documentclass[12pt]{minimal}
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                \begin{document}$$|v|>1$$\end{document}$ are stable while points with $\documentclass[12pt]{minimal}
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                \begin{document}$$|v|<1$$\end{document}$ are unstable. It follows that the branch $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_{-}^*(w)\in (-\infty ,-1)$$\end{document}$ is stable, $\documentclass[12pt]{minimal}
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                \begin{document}$$v_0^*(w)\in (-1,1)$$\end{document}$ is unstable, and $\documentclass[12pt]{minimal}
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                \begin{document}$$v_+^*(w)\in (1,+\infty )$$\end{document}$ is stable.
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                \begin{document}$$(v_e,w_e)$$\end{document}$ which define the resting states of the neuron is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \{(v,w)\in \mathbb {R}^2:f(v,w)=g(v,w)=0\}. \end{aligned}$$\end{document}$$The sign of the discriminant $\documentclass[12pt]{minimal}
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                \begin{document}$$\bigtriangleup = (1/\beta -1)^3+\frac{9}{4}(\alpha /\beta -I)^2$$\end{document}$, determines the number of fixed points. $\documentclass[12pt]{minimal}
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                \begin{document}$$w=\frac{v+\alpha }{\beta }$$\end{document}$) at one, two or three different fixed points. We assume in this paper that $\documentclass[12pt]{minimal}
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                \begin{document}$$\bigtriangleup >0$$\end{document}$, in which case we have a unique fixed point given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} {\left\{ \begin{array}{ll} \displaystyle {v_{e}=\root 3 \of {-\frac{q}{2}-\sqrt{\Delta }}+\root 3 \of {-\frac{q}{2}+\sqrt{\Delta }}}\\ w_{e}=\frac{1}{\beta }(v_{e}+\alpha ). \end{array}\right. } \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} p=3\Big (\frac{1}{\beta }-1\Big ), \qquad q=3\Big (\frac{\alpha }{\beta } - I\Big ). \end{aligned}$$\end{document}$$Here, we want to consider the neuron in the excitable regime (Ditlevsen and Greenwood [@CR7]). A neuron is in the excitable regime when starting in the basin of attraction of a unique stable fixed point, an external pulse will result into at most one large excursion (spike) into the phase space after which the phase trajectory returns back to this fixed point and stays there (Izhikevich [@CR14]).

In order to have Eq. ([2.1](#Equ1){ref-type=""}) in the excitable regime, we choose $\documentclass[12pt]{minimal}
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                \begin{document}$$\varepsilon $$\end{document}$ such that the Jacobian (the linearization matrix *M*) of Eq. ([2.1](#Equ1){ref-type=""}) at the fixed point $\documentclass[12pt]{minimal}
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                \begin{document}$$(v_e,w_e)$$\end{document}$ has a pair of complex conjugate eigenvalues$$\documentclass[12pt]{minimal}
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                \begin{document}$$(v_e,w_e)$$\end{document}$ is the only stationary state and there is no limit cycle of system ([2.1](#Equ1){ref-type=""}). In other words, $\documentclass[12pt]{minimal}
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                \begin{document}$$(v_e,w_e)$$\end{document}$ is the global attractor of the system (Izhikevich [@CR14]). Moreover, to apply the averaging technique (Baxendale and Greenwood [@CR3]), it is necessary that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu \ll \nu $$\end{document}$, we therefore use throughout this paper the following parameters of the system: $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\mu }{\nu } = 0.111059 \ll 1$$\end{document}$. Figure ([1](#Equ1){ref-type=""}) shows the neuron in the excitable regime. Notice that although every trajectory finally converges to the fixed point, only a small change in the location of the starting point will result in different behavior of the trajectories (see the blue and purple curves).Fig. 1The critical manifold $\documentclass[12pt]{minimal}
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                \begin{document}$$(v_e,w_e)=(-1.00125,-0.401665)$$\end{document}$. Two deterministic trajectories are shown, the purple curve starts at $\documentclass[12pt]{minimal}
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The stochastic model {#Sec3}
====================

We consider this stochastic FHN model$$\documentclass[12pt]{minimal}
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The existence of a random attractor {#Sec4}
-----------------------------------

In the sequel, we are going to prove that there exists a unique solution $\documentclass[12pt]{minimal}
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Given such a probabilistic setting, Theorem [3.1](#FPar1){ref-type="sec"} below proves that the solution mapping $\documentclass[12pt]{minimal}
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The following theorem ensures that the stochastic system ([3.1](#Equ5){ref-type=""}) has a global random pullback attractor. The proof is provided in the "Appendix".

### Theorem 3.1 {#FPar1}

There exists a unique solution of ([3.2](#Equ6){ref-type=""}) which generates a random dynamical system. Moreover, the system possesses a global random pullback attractor.

Theorem [3.1](#FPar1){ref-type="sec"} shows that every trajectory would in the long run converge to the global random attractor. The structure and the inside dynamics of the global random attractor are still open issues which might help understand the firing mechanism.

The normal form at the equilibrium point {#Sec5}
----------------------------------------
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The embedded LIF model {#Sec6}
======================

In this section, we present two constructive methods to obtain 1-D LIF models corresponding to the stochastic FHN in the excitable regime in Eq. ([3.1](#Equ5){ref-type=""}). The first method follows Baxendale and Greenwood ([@CR3]) (see also Ditlevsen and Greenwood [@CR7]) by constructing the so-called *radial Ornstein--Uhlenbeck equation*. More precisely, we rewrite the linearized system ([3.9](#Equ13){ref-type=""}) in the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d\bar{\mathbf X}_t = M \bar{\mathbf X}_t dt + \begin{pmatrix}0 &{}\, 0\\ 0 &{}\, \sigma _0\end{pmatrix} d\mathbf B_t, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M= DF(\mathbf X_e)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf B_t = \begin{pmatrix}B'_t\\ B_t\end{pmatrix}$$\end{document}$ is a 2-D standard Brownian motion. For chosen parameters, *M* has a pair of complex conjugate eigenvalues $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\mu \pm i \nu $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu = 0.0312496, \nu = 0.281378$$\end{document}$. By transformation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\mathbf Y}_t = Q^{-1} \bar{\mathbf X}_t$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q = \begin{pmatrix}-\nu &{}\, m_{11}+\mu \\ 0 &{}\, m_{21}\end{pmatrix}$$\end{document}$ we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d \bar{\mathbf Y}_t = A\bar{\mathbf Y}_t dt + C d\mathbf B_t, \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A= & {} \begin{pmatrix}-\mu &{}\, \nu \\ -\nu &{}\, -\mu \end{pmatrix} = \begin{pmatrix}-0.0312496 &{}\, 0.281378\\ -0.281378 &{}\, -0.0312496\end{pmatrix} ; \\ C= & {} Q^{-1} \begin{pmatrix}0 &{}\, 0\\ 0 &{}\, \sigma _0\end{pmatrix}. \end{aligned}$$\end{document}$$We note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{\mu }{\nu } = 0.111059 \ll 1$$\end{document}$, therefore, by applying the technique of time average from (Baxendale and Greenwood [@CR3], Theorem 1), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\mathbf Y}_t$$\end{document}$ can be approximated by an Ornstein-Uhlenbeck process up to a rotation, i.e.$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \bar{\mathbf Y}_t \sim \bar{\mathbf Y}^{app}_t := \frac{\sigma }{\sqrt{\mu }} Rot_{-\nu t} \bar{\mathbf S}_{\mu t}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma = \sqrt{\frac{1}{2} \mathrm {tr} (C C^*)} = \sqrt{\frac{-m_{12}}{2 \nu ^2 m_{21}}}\sigma _0$$\end{document}$, the rotation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} Rot_s := \begin{pmatrix}\cos s &{}\, -\sin s\\ \sin s&{}\, \cos s\end{pmatrix}, \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\mathbf S}_t$$\end{document}$ is the unique solution of the 2-D SDE$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d\bar{\mathbf S}_t = -\bar{\mathbf S}_t dt + d \mathbf B_t, \end{aligned}$$\end{document}$$with the initial value $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\mathbf S}_0=\frac{\sqrt{\mu }}{\sigma }\bar{\mathbf Y}_0$$\end{document}$. Therefore, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \bar{\mathbf Y}_t\Vert $$\end{document}$ can be approximated by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_t := \Vert \bar{\mathbf Y}^{app}_t\Vert = \frac{\sigma }{\sqrt{\mu }}\Vert \bar{\mathbf S}_{\mu t}\Vert $$\end{document}$ which by Ito calculus satisfies the SDE$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} dR_t&= \Big [\frac{\sigma ^2}{2R_t} - \mu R_t \Big ] dt + \sigma d\tilde{B}_t. \end{aligned} \end{aligned}$$\end{document}$$The second method is to consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{\mathbf Y}_t$$\end{document}$ in polar coordinates with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d \bar{\mathbf Y}_t = A \bar{\mathbf Y}_t dt + \mathbf h_e dB_t, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf h_e=Q^{-1}\begin{pmatrix}0\\ \sigma _0\end{pmatrix} $$\end{document}$. Its norm $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{R}_t:= \Vert \bar{\mathbf Y}_t \Vert $$\end{document}$ and its angle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\theta }_t = \frac{\bar{\mathbf Y}_t}{\bar{R}_t}$$\end{document}$ satisfy$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} d\bar{R}_t= & {} \Big [\frac{\Vert \mathbf h_e\Vert ^2-\langle \mathbf h_e,\varvec{\theta }_t\rangle ^2}{2 \bar{R}_t} - \mu \bar{R}_t \Big ] dt + \langle \varvec{\theta }_t,\mathbf h_e\rangle dB_t, \\ d\varvec{\theta }_t= & {} \Big [(A+\mu I) \varvec{\theta }_t - \frac{\Vert \mathbf h_e\Vert ^2 - \langle \mathbf h_e,\varvec{\theta }_t \rangle ^2}{2 \bar{R}_t^2} \varvec{\theta }_t\Big ] dt + \frac{1}{\bar{R}_t}\Big [ \mathbf h_e - \langle \mathbf h_e, \varvec{\theta }_t \rangle \varvec{\theta }_t\Big ]dB_t. \end{aligned}$$\end{document}$$By the averaging technique from (Baxendale and Greenwood [@CR3], Theorem 1) one can approximate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{\theta }_t = \left( \begin{array}{c} \sin \nu t \\ \cos \nu t \\ \end{array} \right) $$\end{document}$, hence$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \begin{aligned} d\bar{R}_t&=\left[ \frac{157.881 \sigma _0^2 - ( 1.27722 \sin \nu t + 12.5 \cos \nu t )^2 \sigma _0^2}{2 \bar{R}_t} - \mu \bar{R}_t \right] dt \\&\qquad + ( 1.27722 \sin \nu t + 12.5 \cos \nu t ) \sigma _0 dB_t. \end{aligned} \end{aligned}$$\end{document}$$Thus, by using the averaging technique, we proved that both Eqs. ([4.3](#Equ20){ref-type=""}) and ([4.4](#Equ21){ref-type=""}) are good approximations of the radial process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\Vert \bar{\mathbf Y}_t\Vert \}_t = \{\Vert Q^{-1}\bar{\mathbf X}_t\Vert \}_t$$\end{document}$. This can also be tested by using the power spectral density estimation (see Fig. [5](#Fig5){ref-type="fig"}).Fig. 5The norm of the process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\bar{\mathbf Y}_t\}$$\end{document}$ ([4.2](#Equ19){ref-type=""}), the process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{R_t\}_t$$\end{document}$ ([4.3](#Equ20){ref-type=""}), and the process $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{\bar{R}_t\}_t$$\end{document}$ ([4.4](#Equ21){ref-type=""}) with the chosen parameters of the system, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma _0=0.01$$\end{document}$ and the same starting point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert Q^{-1} \bar{\mathbf X}_0\Vert $$\end{document}$ are compared by using the power spectral density. Their spectrum densities are well approximated (color figure online)

Firing mechanism {#Sec7}
----------------

A spike in Eq. ([3.1](#Equ5){ref-type=""}) occurs when there is a transition of a random trajectory from the vicinity of the stable fixed point $\documentclass[12pt]{minimal}
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In order to construct the firing mechanism of Eq. ([4.3](#Equ20){ref-type=""}) matching that of Eq. ([3.1](#Equ5){ref-type=""}), we will calculate the conditional probability that Eq. ([3.1](#Equ5){ref-type=""}) fires given that the trajectory crosses the line $\documentclass[12pt]{minimal}
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To simplify calculations we will work on the transformed coordinates $\documentclass[12pt]{minimal}
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ISI distributions {#Sec8}
-----------------

The comparison of the original stochastic FHN model ([3.1](#Equ5){ref-type=""}) and the two LIF models ([4.3](#Equ20){ref-type=""}) and ([4.4](#Equ21){ref-type=""}) can be performed by studying the ISI statistics. Namely, one first simulates the trajectories of the system ([3.1](#Equ5){ref-type=""}) with starting points $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \alpha (r,t) = \lim _{\Delta t \rightarrow 0} \frac{1}{\Delta t} P(t\le \tau _1 < t+\Delta t | \tau _1\ge t, R_{t} =r). \end{aligned}$$\end{document}$$This function is the density of the conditional probability, given the position on *L* is *r* at time *t*, of a spike occurring in the next small time interval, given that it has not yet occurred.

Notice that the estimated conditional probability of firing ([4.6](#Equ23){ref-type=""}) is calculated in one cycle of the process, which on average takes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2\pi /\nu $$\end{document}$ time units. Therefore, we estimate the hazard rate as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \alpha (r,t) = \alpha (r) = \frac{\nu }{2 \pi } \frac{1}{1+e^{\frac{a^*-r}{b^*}}} . \end{aligned}$$\end{document}$$On the other hand, from standard results from survival analysis, see e.g. Aalen and Borgan ([@CR1]) we know that the density of the firing time can be calculated as$$\documentclass[12pt]{minimal}
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                \begin{document}$$M = 1000, n=10$$\end{document}$. The estimated ISI distributions from our approximate LIF models ([4.3](#Equ20){ref-type=""}) and ([4.4](#Equ21){ref-type=""}) with the firing mechanism compare well with the estimated ISI histogram of FHN ([3.1](#Equ5){ref-type=""}) reset to 0 after firings.Fig. 7The estimated ISI distributions from our approximate LIF models ([4.3](#Equ20){ref-type=""}) and ([4.4](#Equ21){ref-type=""}) with the firing mechanism compare well with the estimated ISI histogram of FHN ([3.1](#Equ5){ref-type=""}) reset to 0 after firings. $\documentclass[12pt]{minimal}
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Appendix {#Sec9}
========

Proof of Theorem 3.1 {#FPar3}
--------------------

We are going to prove that there exists a random pullback attractor for the general Eq. ([3.2](#Equ6){ref-type=""}). Consider two cases:Additive noise: In this case, the proof follows similar steps as in Garrido-Atienza et al. ([@CR10]). We define $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} R_t(\omega ,R_0) = e^{-bt}R_0 + \int _0^t e^{-b(t-s)} \left[ 2a + \frac{1}{b} \Vert F(\eta _s) + \eta _s\Vert ^2 \right] ds. \end{aligned}$$\end{document}$$ It is then easy to check that the vector field in ([5.1](#Equ26){ref-type=""}) satisfies the local Lipschitz property and the solution is bounded and thus of linear growth on any fixed \[0, *T*\], see e.g. Schenk-Hoppé ([@CR19]). Hence there exists a unique solution of ([5.1](#Equ26){ref-type=""}) with initial condition, which also proves the existence and uniqueness of the solution of ([3.2](#Equ6){ref-type=""}). The cocycle property ([3.7](#Equ11){ref-type=""}) follows automatically from (Arnold [@CR2], Chapter 2). A direct computation shows that there exists a random radius $$\documentclass[12pt]{minimal}
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Proof of Theorem 3.2 {#FPar4}
--------------------
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